Since the visibility time-windows for all the satellites are identical, the only restriction on the support-times x i is
Associating a multiplier λ with (9), we form the Lagrangian
It is easy to see that the first-order optimality conditions: ∂Υ/∂x i = 0; ∂Υ/∂λ = 0 are both necessary and sufficient; the sufficiency follows from the fact that the Hessian matrix (which is diagonal in this case) of the Lagrangian is negative definite (see, e.g., Bazaraa et al. 1993 ). If (x 1 , x 2 , . . . , x m , λ) is the point maximizing the Lagrangian Υ, then we have
From ( support-times z 3i−2 , z 3i−1 , z 3i corresponding to 3-Partition elements with z 3i−2 + z 3i−1 + z 3i = B, i = 1, 2, . . . , u. Thus, there is no idle-time in the schedule σ; the total utility is Π σ = 7uB.
Only if part:
If there exists a support schedule σ 0 with Π σ 0 ≥ 7uB, then we prove the existence of a 3-Partition through a series of claims. Consider the following problem.
As before, there is no reconfiguration time. Find an optimum non-preemptive solution which maximizes the total utility. 
which contradicts the fact that the marginal utilities must be equal at the optimum. Thus, the uniqueness of the optimum solution follows from the strict concavity of the utility functions.
All the following claims prove relevant properties for the required support schedule, σ 0 , of Problem Q 1 .
Claim 2. In schedule σ 0 , it is necessary for a satellite from S Based on Claims 1 and 3, we infer thatẑ i = z i , i = 1, 2, . . . , 3u, and z 1 +z 2 +. . .+z 3u−1 +z 3u = uB. Thus, the total utility, Π σ 0 , equals 7uB. Thus, exactly three satellites whose total duration equals B are supported in each time slot 
Π
We show below, via a constructive proof, that there exist functions of the form Π
that satisfy the properties above. For this functional form, Property (3) becomes
It is sufficient to explain the construction for two such functions, say Π z 1 and Π z 2 ; the construction can be repeated to obtain the other functions Π
. This is possible since
) suffices for our purpose. Note that Π z 1 satisfies Properties (1) and (2). The reason for bounding C from above is the following.
Proof: Note that 2z i < B (refer to the proof of Theorem 1 in Appendix A). Thus,
It follows from the claim above that there exists β 2 > 0 satisfying
since the slope (with respect to β 2 ) at β 2 = 0 of the left-hand-side (resp., right-hand-side) of (13) is z 2 C (resp., B + z 2 ). Using
(13) can be re-written as
Thus, our preceding discussion shows the existence of β 2 > 0 satisfying (15 Appendix C: Proofs of Theorem 2, Lemma 2, and Theorem 3 Proof of Theorem 2: As with Problem P 1 , 3-Partition can be reduced to the decision problem corresponding to P 2 . The construction is exactly the same as in the proof of Theorem 1 with the following changes to ensure that the schedule of Figure 10 remains the unique optimum:
(1) the reconfiguration time r satisfies 0 < r < min i {
Proof of Lemma 2: Without loss of generality, consider the situation illustrated in Figure 11 :
The time window for Satellite S j starts at time q k ; satellites S i and S j are concurrently visible during the interval t k+1 . Let c i and c j be the associated linear coefficients of the utility functions for satellites S i and S j , respectively. Suppose in an optimum solution ρ, the switching of support from Satellite S i to Satellite S j takes place at a, 0 < a < q k+1 −q k , units after Satellite S j becomes visible at time q k (see Figure 11 ). by Satellite S j is strictly higher than that of Satellite S i (recall our assumption that Given an instance of Even-Odd Partition (EOP), we can construct a specific instance of the decision problem for Problem P 4 as follows (see Figure 12) . • Consider a set of 2u satellites
• There is a positive reconfiguration time (r) of duration 2B.
• The upper bound of the planning horizon, L, equals (u − 1)r + B.
• The time-window,
• The properties of the utility functions Π i (x i ), i = 1, 2, ..., 2u, are similar to those of the functions Π z i in the proof of Theorem 1 in Appendix A (see Figure 9) , and are as defined below.
1. Π i (x i ), i = 1, 2, . . . , 2u, are differentiable and strictly concave. 
Π i (z
time-windows of the satellites S 2j−1 and S 2j , j = 1, 2, . . . , u, are the same. There are u such disjoint intervals. The proposed schedule σ is illustrated in Figure 13 . Exactly one satellite S 2j−1 (or S 2j ), j = 1, 2, . . . , u, is scheduled for the duration of z 2j−1 (or z 2j ) at each disjoint interval t j ,
. Since there are (u − 1) reconfigurations and L = (u − 1)r + B, the total support-time cannot be more than B, which is indeed
Recall also that the utility of the satellite S 2j−1 (or S 2j ) for the support-time z 2j−1 (or z 2j ) is Π 2j−1 (z 2j−1 ) = K + z 2j−1 (or Π 2j (z 2j ) = K + z 2j ). Thus, the total utility (Π σ ) equals uK + B.
Note that the first satellite can be reconfigured before time zero, which is ignored here. Claim 2. At most one of the two satellites S 2j−1 and S 2j is supported at each disjoint interval
Proof: Note that the duration of each interval cannot be more than r + B = 3B. Since 2r = 4B > 3B, at each interval j, j = 1, 2, . . . , u, there cannot be two reconfigurations to serve two satellites. Thus, at most one of the two satellites (i.e., S 2j−1 or S 2j ) can be supported at each interval j = 1, 2, . . . , u.
Due to the above claims, at most u satellites can be scheduled. More precisely, at each interval t j , at most one satelliteŜ j , whereŜ j ∈ {S 2j−1 , S 2j }, with support-timeẑ j ≥ 0 can be engaged. Moreover, due to the durations of the intervals, the following constraints must also be satisfied:ẑ
Recall that the utility function is continuous and an increasing function of the support-time.
Thus, in order to maximize the total utility, the sum of the support-timesẑ 1 +ẑ 2 + . . . +ẑ u−1 +ẑ u must be equal to B, where eachẑ j is strictly positive. Now, we consider the following problem. Claim 4. If Π σ 0 ≥ uK +B, thenẑ j , j = 1, 2, . . . , u, corresponds to an EOP, i.e.,ẑ j ∈ {z 2j−1 , z 2j }, j = 1, 2, . . . , u.
Proof: Follows immediately from Claims 1-3.
